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ABSTRACT

Final Report for Harvard-lead phase of Multi-Qubit Systems Based on Electron Spins in Coupled Quantum Dots 
Project Meeting

Report Title

This is a final report for the IARPA MQCO Spin Qubits team ending in Dec. 2012, when the lead PI, Charles Marcus, moved from Harvard 
University to University of Copenhagen to direct the Center for Quantum Devices there. The Spin Qubits team comprises experimental and 
theoretical physicists, and materials scientists, working to realized gate confined multi-qubit systems in GaAs heterostructures. At the 
completion of the phase covered by this report, two versions of two-qubit systems were in hand, based on both singlet-triplet qubits and 
Loss-DiVincenzo qubits, but a successful system of three or more qubits had not been realized. The resonant exchange qubit, which allows 
resonant and single-gate two-qubit operation, and also been demonstrated at the one qubit level, but not for two or more qubits.
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ARO Final Report - Harvard Lead Phase

Statement of the problem studied: During the Harvard-lead Phase, the ARO-IARPA MQCO team 
investigated three types of spin qubits, both realized in coupled, gate-defined quantum dots in high-
mobility GaAs heterostructures. The first  is the Loss-DiVincenzo (LD) qubit, where a single electron spin 
defines the logical qubit.  The second is the singlet-triplet (ST) qubit, where the two zero-spin-projection 
subspace of two spins in two dots, the singlet and m=0 triplet—constitute the qubit. The third is the 
exchange-only (EO) qubit  comprising three spins, where exchange between electrons 1 and 2 gives one 
rotation axis, and exchange between 2 and 3 gives a second axis.  The Bloch spheres for the three qubits 
are shown in Fig.1. Measurements are carried out by fast charge sensing using proximal charge detectors 
or dispersive charge read-out. Conversion of spin states to charge readout  takes advantage of the Pauli 
principle preventing double occupancy of the ground orbital state of a dot. Experiment is performed in a 
dilution refrigerator at millikelvin temperatures.

Fig.  1. Bloch spheres and elementary  spin representations for Loss-Divincenzo (LD), Singlet-triplet 
(ST) and Exchange Only  (EO) qubits [from left to right]. The experimental needs for qubit control are 
illustrated below.

The reason for all of these different  versions is that  the development  of the qubit itself is under 
development, given the early stage of the technology. ST qubits are the most advanced, EO qubits are the 
least. All have some advantages and some weaknesses.

Pulses for initialization and manipulation are applied to electrostatic gates using room-temperature 
arbitrary waveform generators (AWG’s). For the LD qubit, single qubit  rotations are done using electric 
dipole spin resonance (EDSR), which requires pulsed microwaves at frequencies roughly from 1 to 20 
GHz. Charge state readout uses fast amplifiers, located either at  the 4K stage of the refrigerator or room 
temperature. For ST  and EO qubits, ideally square voltage pulses on gates are used. Circuit  boards for 
bring GHz-scale pulses onto the chip have been the focus of considerable effort  during this period.  An 
example of circuit  board developed during the Harvard-lead period is shown in Fig. 3. All measurements 
are carried out at low temperature (mK). A new cryogen-free refrigerator is shown in Fig. 4.
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Fig. 3. High-bandwidth circuit boards designed for spin qubits.
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scope~

Fig. 2. Fast readout electronics based on high-Q resonant circuit.



Fig. 4. A cryogen-free dilution refrigerator (opened). 

3



Summary of Accomplishments

Summary of 
Accomplishments

Measurement Results Notes

3.1 Single LD Qubit See Sec. 3.1

T1 Measurement See Fig. 3.1.3 T1 left = 4.9 ± 1.7 ms 
T1 right = 3.8 ± 0.7 ms

Full Control See Fig. 3.1.4

State Tomography In progress

3.2 Two LD Qubits 

Universal Entangling 
Gate definition

See Figs. 3.2.1-3.2.2 Exchange gate: 
sqrt(SWAP)

State Tomography and 
duration of gate

In progress

LD Readout P left 0 = 0.950 ± 0.5
P left 1 = 0.780 ± 4
P right 0 = 0.957 ± 0.4
P right 1 = 0.777 ± 0.9

See notes in Sec. 3.2

P00 0,95

P01 0,05

P10 0,78

P11 0,22

Detection Time ~ 2 ms for tunneling event

Detection Fidelity (ability 
to distinguish between the 
two qubit states)

Upper bound for the 
fidelity after a quarter 
period (sqrt swap), is the 
fourth root of 0.977, ~ 
0.994. 

3.3 Single ST Qubit See Sec. 3.3

T1 Measurement 1-10 ms (See Fig. 3.3.2)

State Tomography and 
duration for gate

Fidelity 0.97
typical gate time ~ 10 ns

See Fig. 3.3.6

Process Tomography  for 
(π/2) gate

Fidelity 95% See Figs. 3.3.8 and 3.3.9

3.4 Two ST Qubits See Sec. 3.4
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Summary of 
Accomplishments

Measurement Results Notes

CPhase(π) Include Truth Table

ST Readout See Sec. 3.4

P00 0,99 See Fig. 3.3.5

P01 0,03 See Fig. 3.3.5

P10 0,01 See Fig. 3.3.5

P11 0,97 See Fig. 3.3.5

Detection Time 0.8 µs

Detection Fidelity (ability 
to distinguish between the 
two qubit states)

0.98

3.5 Single EO Qubit See Sec. 3.5

Readout Fidelty Singlet Fidelity 0.96
Triplet Fidelity 0.90
See Fig. 3.5.2

State Tomography Average fidelity = 0.75 
See Fig. 3.5.3
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3.1. Single LD Qubit

T1 measurement

dimensional electron gas 90 nm below the sur-
face of a GaAs/(Al,Ga)As heterostructure (Fig.
1A, inset). We tune the device to the few-electron
regime (Fig. 1A) and adjust the tunnel coupling
between the dots and to the leads via the gate
voltages. In all measurements, the inter-dot tun-
nel coupling ranges from 2 to 8 meV, determined
by microwave spectroscopy (21). Quantum point
contacts (QPCs) on both sides of the structure
allow us to monitor the charge occupation of the
double dot. We used room-temperature IV con-
verters to record the current from the left and
right QPCs (IL;RQPC), and we monitored it in real
time (22) so that individual electrons can be seen
to leave and enter the dots. To set the electro-
chemical potentials in the left and right dot in-
dependently, we used combinations of voltages
on gates left plunger (LP) and right plunger (RP),
which compensate for capacitive cross-coupling.
An in-plane magnetic field Bext = 6.5 T is applied

to split the spin-up (↑) and spin-down (↓) energy
of both electrons by the Zeeman energy (EZ ≈
130 meV) defining a qubit in each of the dots. The
electron temperature is typically 250 mK.

The read-out protocol consists of two steps
(Fig. 1, B and C). Starting with one electron in
each dot, the spin in the right dot is read out by
applying a gate voltage pulse, which lines up the
chemical potentials for spin-up and spin-down
just below and above the Fermi level in the res-
ervoir (position 1 in Fig. 1, A and B). A spin-up
electron will then remain in the dot as it does
not have enough energy to reach the unoccupied
states in the reservoir, but a spin-down electron
will tunnel out; soon afterwards, the dot will be
refilled with a spin-up electron (14). Throughout
this process, the QPC current is monitored. From
a flat QPC response, we infer the electron was ↑;
if the response shows a step, we conclude the
electron was ↓ (Fig. 1C) [see supporting online

material (SOM) text for details on the threshold
analysis]. Subsequently, the spin in the left dot is
read out in a similar manner (position 2 in Fig. 1,
A and B) (23).

Each single-shot measurement trace contains
two segments, reflecting the spin states of the
right and left dot, respectively (Fig. 1C). Because
we can read out both spins starting from the
same state preparation, themeasurement protocol
achieves independent single-shot read-out of two
solid-state spins. By construction, the read-out
protocol resets both qubits to ↑.

As a first test of the measurement protocol,
we inject a random spin in each of the dots by
emptying the dot and then rapidly pulsing the
levels down (Fig. 1D). We then wait in the (1,1)
charge region for a variable time and read out

Fig. 1. (A) Charge stability diagram, with ILQPC
shown in color scale as a function of voltages ap-
plied to gates LP and RP (a background plane has
been subtracted). The occupation in the left and
right dots is indicated by numbers in brackets.
(Inset) Scanning electron micrograph of a device
similar to the one used in our experiment. Gates LP
and RP are connected to high-frequency lines
via bias-tees. The direction of Bext is indicated.
(B) Electrochemical potential diagrams showing the
double-dot configuration in the two read-out stages
[positions (1) and (2) in (A)]. Tunnel events that
occur for a ↓↓ state are indicated. (C) Single-shot
read-out traces, displaying the difference of the
current through the two QPCs, which are oppositely
biased (22). The first and second parts correspond
to read-out of the right and left dots, respectively.
Four typical responses are shown (offset for clarity),
one for each of the possible two-spin states. (D)
Diagrams illustrating initialization into a random
spin state [positions (3) and (4) in (A)]. (E) Measured
probabilities to find the spin states↑↑,↑↓,↓↑, and
↓↓ as a function of wait time before the read-out.
Circles denote two-spin probabilities; crosses and
gray lines indicate the product of single-spin
probabilities (e.g., PL↑ ⋅ PR↓ for ↑↓), where the lines
are based on exponential fits to the single-spin
probabilities, with fitted spin relaxation times, T1, in
the left and right dot of 4.9 T 1.7 ms and 3.8 T 0.7
ms, respectively (see fig. S3).

Fig. 2. (A) Charge stability diagram including the
(2,0) charge region. Symbols indicate positions rel-
evant for the measurements shown in (B), as well
as in Figs. 3 and 4. (B) Two-spin probabilities as a
function of wait time in the (2,0) charge region at
the position of the blue square in (A). Circles and
solid gray lines denote two-spin probabilities; crosses
and dashed gray lines indicate products of single-
spin probabilities. The solid gray lines are expo-
nentials with saturation values determined by the
two-spin probabilities calculated from independent-
ly determined read-out fidelities (see SOM text) and
the ideal values P↑↑= P↓↓=0,P↑↓= P↓↑=1/2. The
time constant is determined from an exponential fit
to the P↑↑ data, and the initial values account for
the spin-up and spin-down injection probabilities.
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Fig.  3.1.1 (A) Charge stability  diagram, with charge-sensing current ILQPC shown in color scale as a 
function of  voltages applied to gates LP and RP (a background plane has been subtracted). The 
occupation in the left and right dots is indicated by  numbers in brackets. (Inset) Scanning electron 
micrograph of  a device similar to the one used in our experiment. Gates LP and RP are connected to 
high-frequency  lines via bias-tees. The direction of  Bext is indicated. (B) Electrochemical potential 
diagrams showing the double-dot configuration in the two read-out stages [positions (1) and (2) in (A)]. 
Tunnel events that occur for a ↓↓ state are indicated. From Ref. [1].
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both spins. Repeating these steps, we collect sta-
tistics and determine the two-spin probabilities
P↑↑, P↑↓, P↓↑, and P↓↓. As expected because of
relaxation at low temperature, the ground-state
probability P↑↑ increases exponentially, at the

expense of the three other probabilities (Fig. 1E).
Given the injection of random spins in each of the
dots [the actual probability for injecting spin-
down is typically only 25 to 30%, depending
on where the electrons are injected (24)], the

probabilities should not display any correla-
tions. Indeed, the products of the single-dot
probabilities—for example, PL

↓ ¼ P↓↑ þ P↓↓—
overlap with the corresponding two-spin proba-
bilities (circles versus crosses in Fig. 1E), as
expected for uncorrelated spins.

Correlations between the states of the two
spins are induced when after injection of random
spins in (1,1), we pulse into the (2,0) charge re-
gion for a variable time (Fig. 2A), during which
relaxation to the (2,0) spin-singlet ground state
will take place. When we subsequently separate
the two electrons by pulsing into the (1,1) charge
region and measure both spins, we see that cor-
relations build up in the measurement outcomes
consistent with singlet preparation [random local
nuclear fields may dephase the singlet, but the
antiparallel correlations survive (25)]: Whenever
measurement of the left dot gives a spin-up out-
come, measurement of the right dot most likely
gives spin-down, and vice versa (Fig. 2B).

The (anti-)correlations are further elucidated
by comparing the four two-spin probabilities (cir-
cles in Fig. 2B) with the product of the respective
single-spin probabilities (crosses). For each spin
by itself, the spin-down probability is ideally 1/2.
However, the joint probability for ↓↓ is not 1/2 ×
1/2 = 1/4, but instead 0. This gap between circles
and crosses develops in Fig. 2B as the singlet
probability increases. The deviation from the ideal
values is quantitatively understood on the basis
of the estimated read-out fidelities (gray lines, see
below and SOM text). This demonstrates that the
joint single-shot read-out allows us to directly
probe correlations between two spins.

We next examine whether the read-out of
both spins is truly independent, in the sense that
the measurement outcome of one spin is not in-
fluenced by the measurement and/or the state of
the other spin. First, with proper alignment of the
respective chemical potentials (Fig. 1B) and suf-
ficiently small QPC bias (typically 400 meV) (26),
one electron stays in its dot while the other is
being measured. A more subtle possible cross-
talk effect is that the second dot will not be lined
up in the proper read-out configuration if the first
dot is empty (due to the cross-capacitance). We
therefore discard those traces (here, <5%) where
the right dot was emptied but not refilled during
the first read-out stage (see SOM text and fig. S2).

The most relevant remaining possible origin
of cross-talk arises from the tunnel coupling be-
tween the dots, which results in exchange cou-
pling of the two spins. To address this issue, we
initialize the left spin deterministically in ↑ by
waiting sufficiently long in the (1,0) charge re-
gion for the spin to relax. Subsequently, we inject
an electron with random spin into the right dot, at
gate settings for which (1,0) is lower in energy
than (0,1) so the left electron stays in its dot while
the right electron tunnels in. We observe no de-
cay for the left dot (Fig. 3B), whereas the right
dot shows the usual exponential decay. From the
amplitude of this exponential decay compared to
the standard deviation of the red data points in

Fig. 3. (A) Schematic of the energy levels close to
the (1,1)-(2,0) boundary, along the green arrow in
Fig. 2A. Due to the Pauli exclusion principle, the
ground state in the (2,0) charge region is a spin
singlet. The (1,1) and (2,0) charge states with the
same spin hybridize due to the inter-dot tunnel
coupling. S(1,1) and S(2,0) denote the spin sin-
glets in the (1,1) and (2,0) charge configuration.
T+, T0, and T– are the three (1,1) triplets with
magnetic quantum number = +1, 0, and –1. T+
and T– are split off due to Bext. (B) Single-spin
probabilities to find↓ as a function of wait time at
the position of the green star (see also Fig. 2A)
when initializing the left spin deterministically in
↑ and the right spin in a random spin state. (C)
After initialization as in (B), the double dot is
pulsed for 25 ns (circles) or 10 ms (diamonds) to a
position close to the (1,1)-(2,0) charge transition.
Single-spin probabilities to find ↓ as a function of
this position are shown. Gray lines are a guide for
the eye.

Fig. 4. (A to D) Two-qubit exchange gate on a full set of input states. The four panels correspond to four
different mixtures of initial states, as indicated, taken with otherwise identical settings. Again, spin-down
injection probabilities are below 50%. Gray lines are fits to damped oscillations, including a correction for
pulse imperfections. We first fit P↑↓ in (A) and P↓↑ in (B) and allow only the amplitude and offset of the
oscillations to change for the other probabilities in the respective panel. In (C) and (D), we use the fit
parameters of (A) and allow only amplitude and offset to change. The oscillations in (A) and (B) run out of
phase with each other for longer wait times. We attribute this to subtle distortions of the pulses arriving at the
sample due to the bias tees (22). (E and F) Visualized theoretical and experimental truth tables for a p rotation
and a 2p rotation of the exchange oscillation (details and actual numbers are given in the SOM and fig. S5).
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dimensional electron gas 90 nm below the sur-
face of a GaAs/(Al,Ga)As heterostructure (Fig.
1A, inset). We tune the device to the few-electron
regime (Fig. 1A) and adjust the tunnel coupling
between the dots and to the leads via the gate
voltages. In all measurements, the inter-dot tun-
nel coupling ranges from 2 to 8 meV, determined
by microwave spectroscopy (21). Quantum point
contacts (QPCs) on both sides of the structure
allow us to monitor the charge occupation of the
double dot. We used room-temperature IV con-
verters to record the current from the left and
right QPCs (IL;RQPC), and we monitored it in real
time (22) so that individual electrons can be seen
to leave and enter the dots. To set the electro-
chemical potentials in the left and right dot in-
dependently, we used combinations of voltages
on gates left plunger (LP) and right plunger (RP),
which compensate for capacitive cross-coupling.
An in-plane magnetic field Bext = 6.5 T is applied

to split the spin-up (↑) and spin-down (↓) energy
of both electrons by the Zeeman energy (EZ ≈
130 meV) defining a qubit in each of the dots. The
electron temperature is typically 250 mK.

The read-out protocol consists of two steps
(Fig. 1, B and C). Starting with one electron in
each dot, the spin in the right dot is read out by
applying a gate voltage pulse, which lines up the
chemical potentials for spin-up and spin-down
just below and above the Fermi level in the res-
ervoir (position 1 in Fig. 1, A and B). A spin-up
electron will then remain in the dot as it does
not have enough energy to reach the unoccupied
states in the reservoir, but a spin-down electron
will tunnel out; soon afterwards, the dot will be
refilled with a spin-up electron (14). Throughout
this process, the QPC current is monitored. From
a flat QPC response, we infer the electron was ↑;
if the response shows a step, we conclude the
electron was ↓ (Fig. 1C) [see supporting online

material (SOM) text for details on the threshold
analysis]. Subsequently, the spin in the left dot is
read out in a similar manner (position 2 in Fig. 1,
A and B) (23).

Each single-shot measurement trace contains
two segments, reflecting the spin states of the
right and left dot, respectively (Fig. 1C). Because
we can read out both spins starting from the
same state preparation, themeasurement protocol
achieves independent single-shot read-out of two
solid-state spins. By construction, the read-out
protocol resets both qubits to ↑.

As a first test of the measurement protocol,
we inject a random spin in each of the dots by
emptying the dot and then rapidly pulsing the
levels down (Fig. 1D). We then wait in the (1,1)
charge region for a variable time and read out

Fig. 1. (A) Charge stability diagram, with ILQPC
shown in color scale as a function of voltages ap-
plied to gates LP and RP (a background plane has
been subtracted). The occupation in the left and
right dots is indicated by numbers in brackets.
(Inset) Scanning electron micrograph of a device
similar to the one used in our experiment. Gates LP
and RP are connected to high-frequency lines
via bias-tees. The direction of Bext is indicated.
(B) Electrochemical potential diagrams showing the
double-dot configuration in the two read-out stages
[positions (1) and (2) in (A)]. Tunnel events that
occur for a ↓↓ state are indicated. (C) Single-shot
read-out traces, displaying the difference of the
current through the two QPCs, which are oppositely
biased (22). The first and second parts correspond
to read-out of the right and left dots, respectively.
Four typical responses are shown (offset for clarity),
one for each of the possible two-spin states. (D)
Diagrams illustrating initialization into a random
spin state [positions (3) and (4) in (A)]. (E) Measured
probabilities to find the spin states↑↑,↑↓,↓↑, and
↓↓ as a function of wait time before the read-out.
Circles denote two-spin probabilities; crosses and
gray lines indicate the product of single-spin
probabilities (e.g., PL↑ ⋅ PR↓ for ↑↓), where the lines
are based on exponential fits to the single-spin
probabilities, with fitted spin relaxation times, T1, in
the left and right dot of 4.9 T 1.7 ms and 3.8 T 0.7
ms, respectively (see fig. S3).

Fig. 2. (A) Charge stability diagram including the
(2,0) charge region. Symbols indicate positions rel-
evant for the measurements shown in (B), as well
as in Figs. 3 and 4. (B) Two-spin probabilities as a
function of wait time in the (2,0) charge region at
the position of the blue square in (A). Circles and
solid gray lines denote two-spin probabilities; crosses
and dashed gray lines indicate products of single-
spin probabilities. The solid gray lines are expo-
nentials with saturation values determined by the
two-spin probabilities calculated from independent-
ly determined read-out fidelities (see SOM text) and
the ideal values P↑↑= P↓↓=0,P↑↓= P↓↑=1/2. The
time constant is determined from an exponential fit
to the P↑↑ data, and the initial values account for
the spin-up and spin-down injection probabilities.
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Fig.  3.1.2 (Left) Pulse sequence shown on charge stability  diagram including the (2,0) charge region. 
(Right) Energy diagram showing the pulse sequence. From Ref. [1].
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7
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Full Qubit Control

regardless of the spin states. Once the pulse is removed,
electron tunneling is allowed again, but only for antipar-
allel spins (stages 3 and 4). The entire cycle lasts 2 !s and
is continuously repeated, resulting in a current flow which
is proportional to the average probability Podd to find
antiparallel spins at the end of stage 2.

We first use this scheme to measure the dephasing of
the spin via a Ramsey-style experiment [see pulse se-
quence in Fig. 2(a)]. After a "=2 pulse that creates a
coherent superposition between j"i and j#i, the spin is al-
lowed to freely evolve for a delay time # (for now, we rea-
son just in a single-spin picture, see below and Ref. [20]).

Subsequently, a 3"=2 pulse is applied, with a variable
phase. Ideally, if both rf pulses have the same phase (in
the rotating frame), the spin is rotated back to j"i, and the
system returns to spin blockade. If the phases between the
two pulses are 180!, the spin is rotated to j#i, and the
blockade is lifted. Figure 2(c) shows that for small #, the
signal indeed oscillates sinusoidally as a function of the
relative phase between the two rf pulses, analogous to the
well-known Ramsey interference fringes. For large #, how-
ever, the spin completely dephases during the delay time,
and the fringes disappear [Fig. 2(c)]. When the two pulses
are applied with the same phase [Fig. 2(a)], we find that the
signal saturates on a time scale of T"2 # 37 ns (obtained
from a Gaussian fit, see below), which gives a measure of
the dephasing time.

The observed Ramsey decay time is the result of the
hyperfine interaction between the electron spin and the
(about 106) randomly oriented nuclear spins in the host
material. The interaction can be described by a nuclear
field with a spectral content ranging from milliseconds to
seconds [22]. This is much longer than the 2 !s cycle time,
but much shorter than the averaging time for each mea-
surement point (#20 s). The nuclear field in the z direction
BN;z modifies the Larmor precession frequency of the
electron spin resulting in a coherence decay of e$%#=T

"
2 &2 ,

with T"2 '
!!!
2
p

@=g!b$# 30 ns [7,8] (assuming $ '
1:5 mT, extracted from the Rabi oscillations, see [23]).
This decay is plotted in Fig. 2(a) (solid line). However,
the observed Ramsey signal cannot be compared directly
with this curve because we have to take into account the
effect of the nuclear field during the "=2 and 3"=2 pulses
as well. Essentially, BN;z shifts the electron spin resonance
condition, and as a result the fixed-frequency rf pulses will
be somewhat off resonance which decreases the fidelity of
the rotations.

We include these effects in a simulation of the spin dy-
namics, and consider from here on not just a single spin but
the actual two-spin system. We thereby leave out the ex-
change interaction, as it can be neglected during the ma-
nipulation stage. At the end of the cycle, the two-spin state
is then given by j %#; BL;R&i ' UL

3"=2%BL&UR
3"=2%BR&(

VL# %BL&VR# %BR&UL
"=2%BL&UR

"=2%BR&j""i. Here, UL;R
% %BL;R& is

the single-spin time-evolution operator (for an intended %
rotation) resulting from the driving field and the z compo-
nent of the nuclear fields in the left and right dot, BL and
BR. The operator VL;R# %BL;R& represents the single-spin
evolution during a time # in the presence of the nuclear
field only. We can then compute Podd at the end of the pulse
sequence, averaging over two independent Gaussian dis-
tributions of nuclear fields in the left and right dot:
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FIG. 2 (color online). (a) Ramsey signal as a function of free-
evolution time # (each point averaged over 20 s at constant
Bext ' 42 mT, fac ' 210 MHz, Bac ' 3 mT). As shown in the
inset, this gives a Rabi period #2" of 120 ns [20]. In order to
optimize the visibility of the decay, the second pulse is a 3"=2
pulse instead of the usual "=2 pulse. Solid line: Gaussian decay
with T"2 ' 30 ns, corresponding to $ ' 1:5 mT. Dotted
line: Numerically calculated current. First Podd is computed
taking $ ' 1:5 mT, and then the current is derived as Idot '
Podd%m* 1&80* 23 fA (m and offset due to background current
obtained from fit). A current of 80 fA corresponds to one
electron transition per 2 !s cycle, and m is the additional
number of electrons that tunnel through the dot on average
before the current is blocked again. Here, we find m ' 1:44;
the deviation from the expected m ' 1 is not understood and
discussed in [20]. (b) Measured and numerically calculated
Ramsey signal for a wide range of driving fields. We assume
$ ' 1:5 mT, and estimate the current as Podd%m* 1&80*
23 fA (m ' 1:5) for #2" ' 40–220 ns, and as Podd%m* 1&80*
43 fA (m ' 1:5) for #2" ' 440 ns. (c) Ramsey signal as a
function of the relative phase between the two rf bursts for # '
10 (crosses) and 150 ns (circles). Gray dashed line is a best fit of
a cosine to the data.
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regardless of the spin states. Once the pulse is removed,
electron tunneling is allowed again, but only for antipar-
allel spins (stages 3 and 4). The entire cycle lasts 2 !s and
is continuously repeated, resulting in a current flow which
is proportional to the average probability Podd to find
antiparallel spins at the end of stage 2.

We first use this scheme to measure the dephasing of
the spin via a Ramsey-style experiment [see pulse se-
quence in Fig. 2(a)]. After a "=2 pulse that creates a
coherent superposition between j"i and j#i, the spin is al-
lowed to freely evolve for a delay time # (for now, we rea-
son just in a single-spin picture, see below and Ref. [20]).

Subsequently, a 3"=2 pulse is applied, with a variable
phase. Ideally, if both rf pulses have the same phase (in
the rotating frame), the spin is rotated back to j"i, and the
system returns to spin blockade. If the phases between the
two pulses are 180!, the spin is rotated to j#i, and the
blockade is lifted. Figure 2(c) shows that for small #, the
signal indeed oscillates sinusoidally as a function of the
relative phase between the two rf pulses, analogous to the
well-known Ramsey interference fringes. For large #, how-
ever, the spin completely dephases during the delay time,
and the fringes disappear [Fig. 2(c)]. When the two pulses
are applied with the same phase [Fig. 2(a)], we find that the
signal saturates on a time scale of T"2 # 37 ns (obtained
from a Gaussian fit, see below), which gives a measure of
the dephasing time.

The observed Ramsey decay time is the result of the
hyperfine interaction between the electron spin and the
(about 106) randomly oriented nuclear spins in the host
material. The interaction can be described by a nuclear
field with a spectral content ranging from milliseconds to
seconds [22]. This is much longer than the 2 !s cycle time,
but much shorter than the averaging time for each mea-
surement point (#20 s). The nuclear field in the z direction
BN;z modifies the Larmor precession frequency of the
electron spin resulting in a coherence decay of e$%#=T

"
2 &2 ,

with T"2 '
!!!
2
p

@=g!b$# 30 ns [7,8] (assuming $ '
1:5 mT, extracted from the Rabi oscillations, see [23]).
This decay is plotted in Fig. 2(a) (solid line). However,
the observed Ramsey signal cannot be compared directly
with this curve because we have to take into account the
effect of the nuclear field during the "=2 and 3"=2 pulses
as well. Essentially, BN;z shifts the electron spin resonance
condition, and as a result the fixed-frequency rf pulses will
be somewhat off resonance which decreases the fidelity of
the rotations.

We include these effects in a simulation of the spin dy-
namics, and consider from here on not just a single spin but
the actual two-spin system. We thereby leave out the ex-
change interaction, as it can be neglected during the ma-
nipulation stage. At the end of the cycle, the two-spin state
is then given by j %#; BL;R&i ' UL

3"=2%BL&UR
3"=2%BR&(

VL# %BL&VR# %BR&UL
"=2%BL&UR

"=2%BR&j""i. Here, UL;R
% %BL;R& is

the single-spin time-evolution operator (for an intended %
rotation) resulting from the driving field and the z compo-
nent of the nuclear fields in the left and right dot, BL and
BR. The operator VL;R# %BL;R& represents the single-spin
evolution during a time # in the presence of the nuclear
field only. We can then compute Podd at the end of the pulse
sequence, averaging over two independent Gaussian dis-
tributions of nuclear fields in the left and right dot:
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FIG. 2 (color online). (a) Ramsey signal as a function of free-
evolution time # (each point averaged over 20 s at constant
Bext ' 42 mT, fac ' 210 MHz, Bac ' 3 mT). As shown in the
inset, this gives a Rabi period #2" of 120 ns [20]. In order to
optimize the visibility of the decay, the second pulse is a 3"=2
pulse instead of the usual "=2 pulse. Solid line: Gaussian decay
with T"2 ' 30 ns, corresponding to $ ' 1:5 mT. Dotted
line: Numerically calculated current. First Podd is computed
taking $ ' 1:5 mT, and then the current is derived as Idot '
Podd%m* 1&80* 23 fA (m and offset due to background current
obtained from fit). A current of 80 fA corresponds to one
electron transition per 2 !s cycle, and m is the additional
number of electrons that tunnel through the dot on average
before the current is blocked again. Here, we find m ' 1:44;
the deviation from the expected m ' 1 is not understood and
discussed in [20]. (b) Measured and numerically calculated
Ramsey signal for a wide range of driving fields. We assume
$ ' 1:5 mT, and estimate the current as Podd%m* 1&80*
23 fA (m ' 1:5) for #2" ' 40–220 ns, and as Podd%m* 1&80*
43 fA (m ' 1:5) for #2" ' 440 ns. (c) Ramsey signal as a
function of the relative phase between the two rf bursts for # '
10 (crosses) and 150 ns (circles). Gray dashed line is a best fit of
a cosine to the data.

PRL 100, 236802 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
13 JUNE 2008

236802-2

Fig.  3.1.4 Ramsey  signal as a function of  the relative phase between the two rf  bursts for τ = 10ns 
(crosses) and 150 ns (circles). Gray dashed line is a best fit of a cosine to the data. From [2].
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3.2 LD Two Qubit Operation

Entangling operation: Exchange operation on two LD qubits.

both spins. Repeating these steps, we collect sta-
tistics and determine the two-spin probabilities
P↑↑, P↑↓, P↓↑, and P↓↓. As expected because of
relaxation at low temperature, the ground-state
probability P↑↑ increases exponentially, at the

expense of the three other probabilities (Fig. 1E).
Given the injection of random spins in each of the
dots [the actual probability for injecting spin-
down is typically only 25 to 30%, depending
on where the electrons are injected (24)], the

probabilities should not display any correla-
tions. Indeed, the products of the single-dot
probabilities—for example, PL

↓ ¼ P↓↑ þ P↓↓—
overlap with the corresponding two-spin proba-
bilities (circles versus crosses in Fig. 1E), as
expected for uncorrelated spins.

Correlations between the states of the two
spins are induced when after injection of random
spins in (1,1), we pulse into the (2,0) charge re-
gion for a variable time (Fig. 2A), during which
relaxation to the (2,0) spin-singlet ground state
will take place. When we subsequently separate
the two electrons by pulsing into the (1,1) charge
region and measure both spins, we see that cor-
relations build up in the measurement outcomes
consistent with singlet preparation [random local
nuclear fields may dephase the singlet, but the
antiparallel correlations survive (25)]: Whenever
measurement of the left dot gives a spin-up out-
come, measurement of the right dot most likely
gives spin-down, and vice versa (Fig. 2B).

The (anti-)correlations are further elucidated
by comparing the four two-spin probabilities (cir-
cles in Fig. 2B) with the product of the respective
single-spin probabilities (crosses). For each spin
by itself, the spin-down probability is ideally 1/2.
However, the joint probability for ↓↓ is not 1/2 ×
1/2 = 1/4, but instead 0. This gap between circles
and crosses develops in Fig. 2B as the singlet
probability increases. The deviation from the ideal
values is quantitatively understood on the basis
of the estimated read-out fidelities (gray lines, see
below and SOM text). This demonstrates that the
joint single-shot read-out allows us to directly
probe correlations between two spins.

We next examine whether the read-out of
both spins is truly independent, in the sense that
the measurement outcome of one spin is not in-
fluenced by the measurement and/or the state of
the other spin. First, with proper alignment of the
respective chemical potentials (Fig. 1B) and suf-
ficiently small QPC bias (typically 400 meV) (26),
one electron stays in its dot while the other is
being measured. A more subtle possible cross-
talk effect is that the second dot will not be lined
up in the proper read-out configuration if the first
dot is empty (due to the cross-capacitance). We
therefore discard those traces (here, <5%) where
the right dot was emptied but not refilled during
the first read-out stage (see SOM text and fig. S2).

The most relevant remaining possible origin
of cross-talk arises from the tunnel coupling be-
tween the dots, which results in exchange cou-
pling of the two spins. To address this issue, we
initialize the left spin deterministically in ↑ by
waiting sufficiently long in the (1,0) charge re-
gion for the spin to relax. Subsequently, we inject
an electron with random spin into the right dot, at
gate settings for which (1,0) is lower in energy
than (0,1) so the left electron stays in its dot while
the right electron tunnels in. We observe no de-
cay for the left dot (Fig. 3B), whereas the right
dot shows the usual exponential decay. From the
amplitude of this exponential decay compared to
the standard deviation of the red data points in

Fig. 3. (A) Schematic of the energy levels close to
the (1,1)-(2,0) boundary, along the green arrow in
Fig. 2A. Due to the Pauli exclusion principle, the
ground state in the (2,0) charge region is a spin
singlet. The (1,1) and (2,0) charge states with the
same spin hybridize due to the inter-dot tunnel
coupling. S(1,1) and S(2,0) denote the spin sin-
glets in the (1,1) and (2,0) charge configuration.
T+, T0, and T– are the three (1,1) triplets with
magnetic quantum number = +1, 0, and –1. T+
and T– are split off due to Bext. (B) Single-spin
probabilities to find↓ as a function of wait time at
the position of the green star (see also Fig. 2A)
when initializing the left spin deterministically in
↑ and the right spin in a random spin state. (C)
After initialization as in (B), the double dot is
pulsed for 25 ns (circles) or 10 ms (diamonds) to a
position close to the (1,1)-(2,0) charge transition.
Single-spin probabilities to find ↓ as a function of
this position are shown. Gray lines are a guide for
the eye.

Fig. 4. (A to D) Two-qubit exchange gate on a full set of input states. The four panels correspond to four
different mixtures of initial states, as indicated, taken with otherwise identical settings. Again, spin-down
injection probabilities are below 50%. Gray lines are fits to damped oscillations, including a correction for
pulse imperfections. We first fit P↑↓ in (A) and P↓↑ in (B) and allow only the amplitude and offset of the
oscillations to change for the other probabilities in the respective panel. In (C) and (D), we use the fit
parameters of (A) and allow only amplitude and offset to change. The oscillations in (A) and (B) run out of
phase with each other for longer wait times. We attribute this to subtle distortions of the pulses arriving at the
sample due to the bias tees (22). (E and F) Visualized theoretical and experimental truth tables for a p rotation
and a 2p rotation of the exchange oscillation (details and actual numbers are given in the SOM and fig. S5).
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Fig.  3.2.1 (A to D) Two-qubit exchange gate on a full set of  input states. The four panels correspond to 
four different mixtures of  initial states, as indicated, taken with otherwise identical settings. Again, spin-
down injection probabilities are below 50%. Gray  lines are fits to damped oscillations, including a 
correction for pulse imperfections. We first fit  P↑↓ in (A) and P↓↑ in (B) and allow only  the amplitude and 
offset of  the oscillations to change for the other probabilities in the respective panel. In (C) and (D), we 
use the fit parameters of  (A) and allow only  amplitude and offset to change. The oscillations in (A) and 
(B) run out of  phase with each other for longer wait times. We attribute this to subtle distortions of  the 
pulses arriving at the sample due to the bias tees (22). (E and F) Visualized theoretical and 
experimental truth tables for a π rotation and a 2π rotation of the exchange oscillation. From Ref. [1]. 
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3.2 LD Two Qubit Operation

Entangling operation: Exchange gate with single qubit operations

field at the QD is generated. The stray field is composed of
a slanted out-of-plane component ByðzÞ [dBy=dzT (!m)]

and an inhomogeneous in-plane component Bin-planeðxÞ
(# B0) resulting in the Zeeman offset "EZ ¼ EzL % EzR

across the two QDs. We spatially displace with electric
fields the electrons in the presence of ByðzÞ by applying

microwaves (MWs) to the top micromagnet (Co gate).
Single-spin rotations occur when the MW frequency fac
matches the local Zeeman field Ez#¼L;R of the left or right
QD. We set the QDs in the Pauli spin blockade (PSB) [18]
and apply continuous (cw) MW at fac by sweeping B0 to
measure two resonant peaks [Fig. 1(c)], one for spin rota-
tions in the left QD and the other in the right QD [19].
PSB is established at an interdot energy detuning " ¼ 0
at point A by the formation of the spin triplet state
[Tþð1; 1Þ ¼ j "ij "i or T%ð1; 1Þ ¼ j #ij #i] for ðNL; NRÞ ¼
ð1; 1Þ only when the Zeeman energy splitting between the
triplets T'ð1; 1Þ and T0ð1; 1Þ is larger than the fluctuating

nuclear field (a fewmillitesla) [20]. For PSB due to the spin
selection rule T'ð1; 1Þ cannot change into the doubly
occupied singlet Sð0; 2Þ with ðNL; NRÞ ¼ ð0; 2Þ, and
thereby current is blocked. However, EDSR can lift off
PSB with a spin rotation from Tþð1; 1Þ [or T%ð1; 1Þ] to
j #ij "i or j "ij #i, followed by a transition to Sð0; 2Þ. Note
that T0ð1; 1Þ is strongly hybridized to the singlet Sð1; 1Þ
state by the Zeeman field gradient and so is not subject to
the blockade effect [7,8].
The control of specific spin rotations around the x axis

with a rotation angle $, in the Bloch sphere, is presented
by measuring Rabi oscillations for both spins. Therefore,
we set B0 at each cw EDSR peak with fac ¼ 11:1 GHz:
B0L ¼ 2 T and B0R ¼ 1:985 T for the left and right QDs,
respectively. Furthermore, we apply voltage pulses non-
adiabatically to Co and PL gates to change " [21]. In
particular, we switch between two operation stages
A (" ¼ 0) and B (" ( 277 !eV, " ) 0) [Fig. 1(d)]. At
stage A, in the PSB the two-electron state is initialized to
either T%ð1; 1Þ or Tþð1; 1Þ. Here, finite interdot tunnel
coupling t is present. However, in stage B where the
exchange energy is negligible we perform controlled spin
rotations with a rotation angle $ by applying pulsed MWs
with a duration %EDSR. Finally, the readout at stage A allows
the left electron to tunnel to the right dot with the proba-
bility depending on the spin rotation angle. The cycle
[Fig. 1(d)] of A ! B ! A is repeated continuously and
lift-off of PSB at a given cycle modifies the average charge
seen by the QPC. The averaged QPC signal is thus propor-
tional to the probability of having antiparallel spins j #ij "i
or j "ij #i. In Fig. 2(a), we then detect the averaged QPC
signal, which oscillates as a function of %EDSR. The oscil-
lations reveal a linear scaling of the oscillation frequency

FIG. 1 (color). (a) Scanning electron microscopy image of the
device fabricated on top of an AlGaAs=GaAs heterostructure
showing the Ti=Au gates (light gray) and the split cobalt (Co)
magnet (yellow) separated from the gate contacts by a calixarene
layer. Gates R (right) and L (left) control NR and NL; C (center)
controls the interdot tunnel coupling t. Fast voltage pulses are
applied to the Co and PL gates. A MW voltage Vac is applied to
the upper part of the magnet. GQPC is measured by modulating
the PL gate voltage VPL. (b) Stability diagram (GQPC vs VL and
VR applied to the gates L and R, respectively) in the PSB regime
B0 ¼ 1 T (no MW). Source (S)-drain (D) bias is 1.5 mV. " is
measured from the ðNL; NRÞ ¼ ð0; 2Þ % ð1; 1Þ boundary (dotted
line: " ¼ 0) to the ð1; 1Þ [ð0; 2Þ] region. The dotted line high-
lights the experimentally obtained region where the lift-off of
PSB at EDSR occurs. Schematically further detuning lines
labeled B and C are shown. (c) cw EDSR for the left and right
spin. PSB is lifted on resonance for the left (red) and right (blue)
QD spin (VC ¼ %1:090 V, fac ¼ 5:6 GHz). EDSR peak sepa-
ration: !B0 ¼ 15' 5 mT. The g factor from fac vs B0: g ¼
%0:394' 0:001. (d) Measurement cycle for controlled single-
spin rotations with source (S), drain (D), left (L), and right (R)
QDs. Repetition period *9 !s and repeated *100 times.

FIG. 2 (color). (a) Rabi oscillations for the left (red) and right
(blue) (B0L ¼ 2 T and B0R ¼ 1:985 T, VC ¼ %1:090 V, fac ¼
11 GHz). "GQPC is the difference in GQPC between the on-
resonance and off-resonance conditions with B0 as a parameter.
(b) Rabi oscillation frequency fRabi as a function of the square
root of MW power, PMW

1=2, for the left (red) and right (blue) QD
spin (B0L ¼ 2 T and B0R ¼ 1:985 T).
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upon the square root of the MW power PMW or driving
ac electric field amplitude for the left and right spins
[Fig. 2(b)], a characteristic feature of Rabi oscillations
[8]. fRabi is higher for the left QD and so is the state fidelity
reflecting a larger field gradient and MW field [21].

Next we prepare a two-qubit gate comprising controlled
left spin x rotations and interdot spin exchange between the
QDs as illustrated in Fig. 3(a). We choose specific rotation
angles for the left spin using pulsed MWs at B0L ¼ 2 T.
The interdot spin exchange operation is operated by ma-
nipulating the interdot exchange energy J0 [1]. J0 is
defined as energy difference between the singlet Sð1; 1Þ
and the triplet state T0ð1; 1Þ and depends strongly on the
relative energy detuning " of Sð0; 2Þ and Sð1; 1Þ. It be-
comes large in the vicinity of zero detuning and vanishes
for large detuning. To change " or J0 we apply voltage
pulses to PL and Co gates, establishing three quantum
stages, namely, A, B, and C [Fig. 3(a)]. The operation
starting at stage A either with Tþð1; 1Þ or T%ð1; 1Þ for
" ¼ 0 eV evolves by

T&ð1; 1Þ !Lð3!=2Þ j "i& j #iiffiffiffi
2

p ' j "i """!J0:"exjc 1i !Lð!=2Þjc 2i; (1)

where L 3!
2 and L !

2 in stage B represent the specific 3!
2 and

!
2 rotations, respectively, around the x axis. At stage B the
interdot tunneling and therefore J0 are negligible for " (
277 #eV. The quantum operation J0:"ex at stage C

represents the two-qubit exchange operation. Here, for
" ! 0, e.g., 27:70 #eV, the exchange is controlled by the
operation time or hold time "ex. jc 1i is then the two-qubit
state after the controlled rotation L 3!

2 and exchange opera-
tion. After L !

2 , jc 1i is finally transformed to the output
state jc 2i. Note that the state fidelity of the two single-spin
rotations in stage B (L 3!

2 and L !
2 ) strongly influences that

of the presented two-qubit gate operation [21]. The cycle A
through C is repeated continuously. Assuming an initiali-
zation to Tþð1; 1Þ, the wave function at the output con-
trolled by "ex is, e.g., jc 2i ¼ Tþð1; 1Þ for no exchange
operation (NOP ¼ SWAPn¼0;2;4;...) and jc 2i ¼ 1

2 ½Tþð1; 1Þ þ
T%ð1; 1Þ %

ffiffiffi
2

p
iSð1; 1Þ* for SWAPn¼1;3;5;.... The single-spin

rotation angles are chosen such that jc 2i has only T& and S
components irrespective of the initial state (Tþ or T%).
Because of PSB the triplets T&ð1; 1Þ themselves do not
bring about the change of charge; only the singlet compo-
nent of the output state gives rise to charge transitions
[from ð1; 1Þ to ð0; 2Þ] at the readout stage [22]. The charge
sensor readout is thereby a direct measurement of the
probability PS ¼ jhSjc 2ij2. Therefore, in the case of
SWAPn¼1;3;5;..., only

ffiffiffi
2

p
iSð1; 1Þ is probed in jc 2i.

However, for NOP no charge transfer is detected resulting
in a minimum of the QPC signal. In Fig. 3(b), we plot the
change of the charge state measured by the QPC as a
function of "ex and detuning " or J0. The measurement
exhibits periodic oscillations as a function of both parame-
ters. The experimental data agree well with a model cal-
culation of PS [21]. The model includes the effect of
finite $EZ and nuclear field fluctuations [15]. Maxima in
Fig. 3(b) appear when the exchange operation is
SWAPn¼1;3;5;... for "ex ¼ ð2kþ 1Þ"SWAP and minima when
"ex ¼ k"NOP with "NOP ¼ 2"SWAP, where k ¼ 0; 1; 2; . . . for
NOP. SWAPn¼1=2 is obtained for "ex ¼ "SWAP=2. That is, the
two-qubit gate combined with PSB enables the control and
detection of the singlet component in the output state with
the finding probability depending on the exchange opera-
tion time "ex. Using the model calculation allows us to
extract the operation time "SWAP for SWAPn¼1, defined as
half the oscillation period. In Fig. 4(a), we investigate the
dependence of "SWAP

%1 on ". As expected, "SWAP is getting
shorter with decreasing t [1]. In addition, the inset in
Fig. 4(a) shows the effect of interdot tunnel coupling t on
"SWAP. Note that the exchange energy depends on " and t,

where t (
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=2ÞJ0"

p
, for " + t > $EZ [23,24]. The data

points in Fig. 4(a) are reproduced only if we assume $EZ to
be varying linearly with " [21]. J0 defined by the oscilla-
tion period and $EZ obtained from the fit in Fig. 4(a) yield
a ratio $EZ=J0 necessary for the calculated PS to resemble
the experimental data in Fig. 3(b).
Finally, to evaluate the degree of entanglement between

the two electron spins we calculate the concurrence C [25]
for the output state jc 2i [21] as a function of "SWAP. For
maximally entangled qubits Cð"exÞ ¼ 1, and for uncorre-
lated qubits Cð"exÞ ¼ 0. The analytical expression of C by

FIG. 3 (color). (a) Cycle of the two-qubit gate operation with
source (S), drain (D), left (L), and right (R) QDs. (b) Result
of two-qubit measurement for " ¼ 27:70 (A), 55.40 (B), 83.10
(C), and 138.50 (D) (VC ¼ %1:0845 V, fRabi ¼ 1:2 MHz,
B0 ¼ 2 T). Contour plot showing J0 vs "ex indicating PS. We
use the ratio $EZ=J0 as a fitting parameter to reproduce the
experimental data and find that all data (A) to (D) measured for
various detuning values are consistent with the calculation
by taking $EZ=J0 ( 0:74 (SWAPn¼1;3;5;..., red; NOP, black).
fRabi ¼ 1:2 MHz and the nuclear spin variance for the left and
right spins is 0:275& 0:025 MHz. Clear dependence on "ex and
" is demonstrated with $EZ=J0 ¼ 0:69 (A), 0.73 (B), 0.78 (C),
and 0.77 (D), which gives on average 0.74. Yellow solid curves
represent PS for (A)–(D) vs "ex. Curves are offset for clarity.
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Fig.  3.2.2. (a) Scanning electron microscopy  image of  the device fabricated on top of  an AlGaAs/GaAs 
heterostructure showing the Ti=Au gates (light gray) and the split cobalt (Co) magnet (yellow) 
separated from the gate contacts by a calixarene layer. Gates R (right) and L (left) control NR and NL; C 
(center) controls the interdot tunnel coupling t. Fast voltage pulses are applied to the Co and PL gates. 
A MW voltage Vac is applied to the upper part of  the magnet.  GQPC is measured by  modulating the PL 
gate voltage VPL. (b) Cycle of  the two qubit  gate operation with source (S), drain (D), left  (L), and right 
(R) QDs. From Ref. [3]. (C) Pulsing voltages to demonstrate the quantum operation of  the single-qubit 
and two- qubit gate. The voltage pulses are applied to switch between: A→B→A (controlled single-spin 
rotations,  left panel) and A→B→C→B→A (quantum circuit comprising controlled single spin rotations 
and exchange operation, right panel). The control cycle for the controlled single spin rotations consists 
of  initialization (A), spin rotation (B) and readout (A). The control cycle for the multiple-qubit  gate 
consists of  initialization (A), spin rotation (θ=3π/2) (B), spin exchange or "SWAP" (C), spin rotation (θ 
=π/2) (B) and singlet readout (A).
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3.3 Single ST Qubit

T1 Relaxation 

Fig. 3.3.1 Capacitively Coupled two-ST qubit device. From Ref. [4].

1"

0.1"

10"

T 1
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"

Fig. 3.3.2 Qubit relaxation time T1 as a function of detuning into the measurement position.
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3.3 Single ST Qubit

Definition of Fidelity

In order to quantitatively interpret  sensor values for state tomography, it  is important to precisely 
determine the RF sensor response that corresponds to a  or a  state. Because the state preparation 
is imperfect, it  is in general difficult to accurately measure these values experimentally. To provide exact 
calibrations for  and , we exploit the fact  that  our sensor is capable of single shot  readout. 
Histograms of sensor values for typical measurements yield a double-peaked curve- one peak corresponds 
to  and one to (Fig. 3.3.3). In order to calibrate the sensor we first measure  at  the 
measurement  point by preparing a state that is majority  (done with a π-pulse around the x-axis) and 
fitting the sensor signal to a decaying exponential function of time elapsed during measurement (Fig. 
3.3.3.a). We note that the measured value of T1 is a strong function of the power of the RF excitation used 
to read the conductance of the sensing QD. With prior knowledge of T1, we use a procedure similar to that 
described in Barthel et. al (14) to optimize the measurement  time given our signal to noise ratios and T1. 
This process is repeated several times per day to check for drift. We recalibrate the sensor signals that 
correspond to  and  for each dataset (typically 10 minutes of acquisition time). For each set, we 
prepare a histogram of all observed sensor values. The presence of several reference measurements in 
each dataset  guarantees that  there will be a significant fraction of both  and . We then fit this 
double peaked curve to an analytic expression corresponding to a weighted sum of two Gaussians with 
some filling in due to T1 decay during measurement (Fig. 3.3.3.b, purple line) as in ref. 14. From this, we 
extract  the expected sensor distribu tions for  and  (blue and red lines in Fig. S1b, 
respectively), as well as the fractions of  and  present. The centers of the two distributions 
correspond to the sensor signals that  will be measured for pure and pure , and using these values 
we can accurately scale the tomography data. We note that this procedure is insensitive to the percentages 
of  and . In our state tomography only expectation values are needed, so the single-shot 
capability of our readout  is not necessary beyond this calibration. Nonetheless, we note that  for the data 
presented, we measured readout fidelities of 97% and 98% for the left and right qubits, respectively.

Fig.  3.3.3.  Singleshot Readout: a, The difference in sensor signal between and  is fit to a 
decaying exponential to determine T1, which is used in calibration of  sensor values. b, The histograms 
of  a mixture of   and  states used to calibrate the sensor values. If  we choose a threshold 

 to distinguish between  and  we see a readout fidelity  of  97%. Purple: fit  to noisy 
distribution including T1 decay  from  to . The deduced distribution for  (blue) is a 
Gaussian, while that for  (red) has a tail due to T1 decay. 
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3.3 Single ST Qubit

Crosstalk considerations

Fig.  3.3.4. a,  A schematic of  the energy  diagram as a function of   that describes the two qubits  and 
shows the regions of   where different operations are carried out. b, A schematic of  the signal from 
the RF charge sensor as a function of   for the two qubits. This signal reflects the charge distribution 
of  the two qubit states. For large positive  there is a region where  and  have the same 
sensor signal (charge distribution), which is the foundation of  the crosstalk-free readout scheme.  c, A 
schematic of  the readout scheme that  eliminates crosstalk. First,  the left qubit is read while the right 
qubit is ``parked'' in (0,2), and then the right qubit  is read while the left qubit is “parked” in (0,2). d, A 
two dimensional histogram of  the RF sensor responses without (left panel) and with (right panel) this 
crosstalk-free readout scheme. e, Histograms of  sensor values without (top) and with (bottom) the 
crosstalk-free readout. Without the crosstalk-free readout the sensor signal of  one qubit depends on 
the state of the other qubit. 
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3.3 Single ST Qubit - Readout Fidelity

Fig.  3.3.5 We prepare |S> many  times and measure it.  We also prepare |T> many  times (using 
prepared  hyperfine gradient dBz) and measure. We fit the sensor signal to a two peaked Gaussian, 
allowing for T1 (measured independently) decay, and allowing for imperfect preparation of  |T> (i.e. 
some of  the states that we initially  assumed to be |T> were actually  |S> for instance because of  a bad 
dBz pulse).  We then pick the sensor threshold that optimally  discriminates between a hypothetical 
population of  perfect singlets from perfect triplets and calculate error probabilities from the measured 
distributions.
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3.3 Single ST Qubit

Single ST qubit state tomography

Fig.  3.3.6 Calibrated versus uncalibrated state tomography: a,  Data taken to calibrate the tomography 
shows ripples in the length of  the Bloch vector if  we assume that the tomography  projects the quantum 
state on to Cartesian axes (inset). b-c, The paths around the Bloch sphere for the different evolutions 
that  are used for tomography  calibration. If  the tomography  is assumed to project on to the Cartesian 
axes there are points that lay  outside the Bloch sphere, and the pure  states are not at the north pole, 
which is indicative of  flawed state tomography. d,  The ripples in the length of  the Bloch vector are 
diminished (compared to panel a) if  the axes deduced from state tomography  (inset) are used. e-f,  The 
paths around the Bloch sphere for the different evolutions that are used for state tomography. When 
the correct axes are used, all the points lie inside the Bloch sphere and the pure are at the north pole. 
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3.3 Single ST Qubit

Single qubit process tomography

Fig. 3.3.7 Process tomography of a single ST  qubit uses 6 initial states. Processes are 
repeated many times, then Chi matrices are calculated which maximize the likelihood of an 
observed process.

Fig. 3.3.8  For tuning up a Clifford set we use a set of axes that is rotated slightly compared 
to the ST, up-down, axes because rotations around the z and x axes are challenging. Shown is 
the π/2 process tomography, tuned around the new z-axis, which is the axis [.26, .03, .97] 
instead of [0,0,1]. Using the procedure above, we calibrate a π/2 rotation around this axis and 
find a process fidelity of 95%. Shown is the Chi matrix for this process in the normal S-T, 
up-down/down-up, basis.
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3.3 Single ST Qubit

Fig. 3.3.9 Process Fidelity for Clifford gate set  indicating the axes used for rotation. J is π/2 
rotation around the designated z axis; H is Hadamard gate. Note example fidelities are in the 
range > 0.94.
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3.4 Two ST Operations

Demonstration of Entanglement
of Electrostatically Coupled
Singlet-Triplet Qubits
M. D. Shulman,1* O. E. Dial,1* S. P. Harvey,1 H. Bluhm,1† V. Umansky,2 A. Yacoby1‡

Quantum computers have the potential to solve certain problems faster than classical computers.
To exploit their power, it is necessary to perform interqubit operations and generate entangled
states. Spin qubits are a promising candidate for implementing a quantum processor because of
their potential for scalability and miniaturization. However, their weak interactions with the
environment, which lead to their long coherence times, make interqubit operations challenging.
We performed a controlled two-qubit operation between singlet-triplet qubits using a dynamically
decoupled sequence that maintains the two-qubit coupling while decoupling each qubit from its
fluctuating environment. Using state tomography, we measured the full density matrix of the
system and determined the concurrence and the fidelity of the generated state, providing proof of
entanglement.

Singlet-triplet (S-T0) qubits, a particular real-
ization of spin qubits (1–7), store quantum
information in the joint spin state of two

electrons (8–10). The basis states for the S-T0
qubit can be constructed from the eigenstates of
a single electron spin, |↑〉 and |↓〉. We chose |S 〉 =

(1/√2)(|↑↓〉 – |↓↑〉) and |T0〉 = (1/√2)(|↑↓〉 + |↓↑〉)
because these states are insensitive to uniform
fluctuations in the magnetic field. The qubit can
then be described as a two-level system with a
representation on the so-called Bloch sphere
(Fig. 1A). Universal quantum control is achieved
using two physically distinct operations that drive
rotations around the x and z axes of the Bloch
sphere (11). Rotations around the z axis are driv-
en by the exchange splitting, J, between |S 〉 and
|T0〉, and rotations around the x axis are driven
by a magnetic field gradient, ∆Bz, between the
electrons.

We implemented the S-T0 qubit by confining
two electrons to a double quantum dot (QD) in a
two-dimensional electron gas (2DEG) located

91 nm below the surface of a GaAs-AlGaAs het-
erostructure. We deposited local top gates using
standard electron beam lithography techniques to
locally deplete the 2DEG and form the QDs. We
operated between the states (0,2) and (1,1), where
(nL,nR) describes the state with nL(nR) electrons in
the left (right) QD. The |S 〉 and |T0〉 states, the
logical subspace for the qubit, are isolated by
applying an external magnetic field of 700 mT in
the plane of the device such that the Zeeman
splitting makes T+ = |↑↑〉 and T− = |↓↓〉 energet-
ically inaccessible. The exchange splitting, J, is
a function of the difference in energy, e, between
the levels of the left and right QDs. Pulsed DC
electric fields rapidly change e, allowing us to
switch J on, which drives rotations around the
z axis. When J is off, the qubit precesses around
the x axis due to a fixed ∆Bz, which is stabilized
to ∆Bz/2p = 30 MHz by operating the qubit as a
feedback loop between iterations of the experi-
ment (12). Dephasing of the qubit rotations re-
flects fluctuations in the magnitude of the two
control axes, J and ∆B, caused by electrical noise
and variation in the magnetic field gradient, re-
spectively. The qubit is rapidly (<50 ns) initial-
ized in |S〉 by exchanging an electron with the
nearby Fermi sea of the leads of the QD, by tun-
ing the QD potentials so that only |S〉 lies below
the Fermi energy. The qubit state is read out
using standard Pauli blockade techniques, where
e is quickly tuned to the regime where S occu-
pies (0,2) and T0 occupies (1,1), allowing the
qubit state to be determined by the proximal
charge sensor. The charge state of the qubit is
rapidly determined (∼1 ms) using standard radio
frequency techniques (13, 14) on an adjacent
sensing QD.

1Department of Physics, Harvard University, Cambridge, MA
02138, USA. 2Braun Center for Submicron Research, Depart-
ment of Condensed Matter Physics, Weizmann Institute of
Science, Rehovot 76100, Israel.

*These authors contributed equally to this work.
†Present address: 2nd Institute of Physics C, Rheinisch-
Westfälische Technische Hochschule Aachen (RWTH) Aachen
University, 52074 Aachen, Germany.
‡To whom correspondence should be addressed. E-mail:
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Fig. 1. Two-qubit coupling scheme. (A) A Bloch sphere can be used to describe the
states of the effective two-level system defined by the singlet and triplet states of the
qubit, with the z axis along the S-T0 axis and the x axis along the |↑↓〉 / |↓↑〉 axes. (B)
A scanning electron microscope image of the top of the device used shows gates used
to define the S-T0 qubits (white), dedicated control leads, the approximate locations
of the electrons in the two qubits (red), and current paths for the sensing dots (green
arrows). The left qubit uses the electrons labeled LR and LL, whereas the right qubit
uses the electrons labeled RL and RR. (C) A schematic of the electronic charge
configurations for the |S〉〉 (blue) and the |T0〉〉 (red). This difference in charge con-
figuration is the basis for the electrostatic coupling between the qubits. (D) The pulse
sequence used to entangle the qubits: initialize each qubit in |S〉〉; perform a p/2
rotation around the x axis; allow the qubits to evolve under exchange for a time t/2;
perform a p rotation around the x axis, thereby decoupling the qubits from the environment but not each other; evolve under exchange for t/2; and perform state
tomography to determine the resulting density matrix (fig. S3.)
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Fig.  3.4.1 The two-qubit pulse sequence used to entangle the qubits:  initialize each qubit in the singlet 
state;  perform a π/2 rotation around the x axis; allow the qubits to evolve under exchange for a time t/2; 
perform a π  rotation around the x axis,  thereby  decoupling the qubits from the environment but not 
each other;  evolve under exchange for t/2; and perform state tomography  to determine the resulting 
density matrix. From Ref. [4].

Fig.  3.4.2 (a) The elements of  the Pauli set of  the measured and expected states for τ = 140 ns 
(maximum Bell state fidelity  0.72). (b) Maximum fidelity  and time for the entangling operation. From 
Ref. [4].

To make use of the power of quantum in-
formation processing, it is necessary to perform
two qubit operations in which the state of one
qubit is conditioned on the state of the other (15).
To investigate two-qubit operations, we fabricated
two adjacent S-T0 qubits such that they are ca-
pacitively coupled, but tunneling between them is
suppressed (Fig. 1B). A charge-sensing QD next
to each qubit allows for simultaneous and in-
dependent projective measurement of each qubit
(see supplementary materials). We used the elec-
trostatic coupling between the qubits to generate
the two-qubit operation (16). When J is nonzero,
the |S〉 and |T0〉 states have different charge con-
figurations in the two QDs because of the Pauli
exclusion principle (Fig. 1C). This charge differ-
ence, which is a function of e, causes the |S 〉
and |T0〉 states in one qubit to impose different
electric fields on the other qubit. As J is a func-
tion of the electric field, the change in electric
field imposed by the first qubit causes a shift in
the precession frequency of the second qubit. In
this way, the state of the second qubit may be
conditioned on the state of the first qubit. More
precisely, when a single qubit evolves under ex-
change, there exists a state-dependent dipole
moment, d

→
, between |S〉 and |T0〉, resulting from

their difference in charge occupation of the QDs.
Therefore, when simultaneously evolving both

qubits under exchange, they experience a capac-
itively mediated, dipole-dipole coupling that
can generate an entangled state. The two-qubit
Hamiltonian is therefore given by:

H2−qubit ¼
ℏ
2 ðJ1ðsz ⊗ IÞ þ J2ðI ⊗ szÞ þ
J12
2

ððsz − IÞ⊗ ðsz − IÞÞ þ

DBz;1ðsx ⊗ IÞ þ DBz;2ðI ⊗ sxÞÞ ð1Þ

where sx,y,z are the Pauli matrices, I is the identi-
ty operator, ∆Bz,i, and Ji are the magnetic field
gradients and the exchange splittings (i = 1,2
respectively for the two qubits), and J12 is the
two-qubit coupling, which is proportional to the
product of the dipole moments in each qubit. For
a two-level systemwith constant tunnel coupling,
the dipole moment scales as d

→
i º ∂Ji /∂ei. Em-

pirically, we find that for experimentally rele-
vant values of Ji, ∂Ji /∂ei º Ji(e), so that J12 º
J1J2. As with the single qubit operations, this
two-qubit operation requires only pulsed DC
electric fields.

In principle, evolving both qubits under ex-
change produces an entangling gate. However,
the time to produce thismaximally entangled state
exceeds the inhomogeneously broadened coher-
ence times of each individual qubit, rendering

this simple implementation of the two-qubit gate
ineffective. To mitigate this, we used a dynam-
ically decoupled entangling sequence (17, 18)
(Fig. 1D). In this sequence, each qubit is prepared
in |S〉 and is then rotated by p/2 around the x axis
(Ji = 0, ∆Bz,i /2p ≈ 30 MHz) to prepare a state in
the x-y plane. The two qubits are subsequently
both evolved under a large exchange splitting
(J1/2p ≈ 280MHZ, J2/2p ≈ 320MHz >> ∆Bz) for
a time t/2, during which the qubits begin to en-
tangle and disentangle. A p pulse around the x
axis (∆Bz) is then applied simultaneously to both
qubits, after which the qubits are again allowed to
exchange for a time t/2. This Hahn echo–like
sequence (19) removes the dephasing effect of
noise that is low frequency compared to 1/t, and
the p pulses preserve the sign of the two-qubit
interaction. The resulting operation produces a
controlled phase (CPhase) gate, which, in a
basis of {|SS〉,|T0S〉,|ST0〉,|T0T0〉}, is an opera-
tion described by a matrix diag(e−iq/2,1,1,e−iq/2).
For t = tent = p

ð2J12Þ, the resulting state is a max-
imally entangled generalized Bell state |Yent〉 =
eip(I⊗sy+sy⊗I)/8|Y−〉, which differs from the Bell
state |Y−〉 = (1/√2)(|SS〉 − |T0T0〉) by single-qubit
rotations.

To characterize our two-qubit gate and verify
that we produced an entangled state, we per-
formed two-qubit state tomography and extracted
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Fig. 2. Proof of entanglement: concurrence and state fidelity. (A) A plot of the
difference of the sorted eigenvalues of the matrix R, which for positive values is
equal to the concurrence c(r). States with a concurrence greater than zero
(shaded region) are necessarily entangled. (B) The fidelity with which the mea-
sured state approximates the target |Yent〉 (blue), and eip(sy⊗I+I⊗sy)/4|Yent〉
(green), which differs from |Yent〉 by single-qubit rotations and is the expected
state for t = 3p

(2J12). The fidelity with which the measured state approximates
a dephasing-free model of the entangling operation (red) shows smooth
decay due to decoherence. The solid lines are fits to the data. (Inset) The
time, tent, to produce a maximally entangled state as a function of the
change in e (and therefore J) in the two qubits. Arrows indicate which y axis is

to be used. (C) The Bell state fidelity as a function of time for different values of J (offset for clarity), with guides to show where the fidelity exceeds 1/2 for
each curve.
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the density matrix and appropriate entanglement
measures. The tomographic procedure is careful-
ly calibrated with minimal assumptions to avoid
adding spurious correlations to the data that may
artificially increase the measured degree of en-
tanglement (fig. S4). We chose the Pauli set rep-
resentation of the density matrix (15, 20, 21),
where we measured and plotted the 16 two-qubit
correlators 〈ij〉 = 〈sisj〉 where si are the Pauli
matrices and i, j ∈ {I,X,Y,Z}. As a first measure of
entanglement, we evaluated the concurrence
(22) (Fig. 2A), C(r) = max{0, l4 − l3 − l2 − l1}
for different t, where r is the experimentally
measured density matrix and li are the eigenval-
ues, sorted from smallest to largest, of the matrix

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

p
r̃

ffiffiffi
r

pp
, and r̃= (sy⊗sy)r*(sy⊗sy), and

r* is the complex conjugate of r. A positive val-
ue of the concurrence is a necessary and suffi-
cient condition for demonstration of entanglement
(22). For t = 140 ns, we extracted a maximum
concurrence of 0.44.

A positive value of the concurrence is a defin-
itive proof of entanglement; however, it alone does
not verify that the two-qubit operation produces
the intended entangled state. To better character-
ize the generated quantum state, we evaluated
another measure of entanglement, the Bell state
fidelity,F≡ 〈Yent|r|Yent〉. Thismay be interpreted
as the probability of measuring our two-qubit
state in the desired |Yent〉. Additionally, for all
nonentangled states, one can show that F ≤ 0.5
(23, 24). The Bell state fidelity takes the simple
form F = (1/4)P

→
ent × P

→
experiment , where P

→
ent and

P
→
experiment are the Pauli sets of a pure target Bell

state and of the experimentally measured state,
respectively. For our target state |Yent〉, the result-
ing Pauli set is given by 〈XZ〉 = 〈ZX〉 = 〈YY〉 = 1,
with all other elements equal to zero (Fig. 3A).

In an idealized, dephasing-free version of the
experiment, as t increases and the qubits entangle
and disentangle, we expect the nonzero elements
of the Pauli set for the resulting state to be

〈YI〉 ¼ 〈IY 〉 ¼ cosðJ12tÞ,
〈XZ〉 ¼ 〈ZX 〉 ¼ sinðJ12tÞ,〈YY 〉 ¼ 1 ð2Þ

Dephasing due to electrical noise causes the am-
plitudes of the Pauli set to decay. However, the
two-qubit Hamiltonian (Eq. 1) includes rapid
single-qubit rotations around the S-T0 axis
(J1,J2 >> J12/2p ≈ 1 MHz) that change with t be-
cause of imperfect pulse rise times in the experi-
ment. These contribute additional single-qubit
rotations around the S-T0 axis of each qubit, not
accounted for in Eq. 2. We determined the angle
of the single-qubit rotations by performing a least-
squares analysis to find the single-qubit rotations
that map the experimental data to the expected
state without rotations (eq. S1), which is a mod-
ified form of Eq. 2 that accounts for dephasing.
The decays due to dephasing were fit by calcu-
lating r(t) in the presence of noise on J1 and J2,
which leads to decay of certain terms in the den-
sity matrix (25, 26). For the present case, where
J12 << J1, J2, we neglected the two-qubit de-

phasing, which is smaller than single-qubit de-
phasings by a factor of J1/J12, J2/J12 ≈ 300, and
we extracted a separate dephasing time for each
individual qubit. We removed the single-qubit
rotations numerically to simplify the presentation
of the data (Fig. 3E). The extracted angles exhibit
a smooth monotonic behavior that is consistent
with their underlying origin (fig. S5).

In the absence of dephasing, wewould expect
the Bell state fidelity to oscillate between 0.5 for
an unentangled state and 1 for an entangled state
as a function of t. This oscillation is caused by
the phase accumulated by a CPhase gate between
the two qubits. However, the qubits dephase as
the state becomes increasingly mixed, and the
amplitude of the oscillation decays to 0.25. In-
deed, the following behavior is observed (Fig.
2B): For very short t, there is very little dephas-
ing present, and the qubits are not entangled. As
t increases, the Bell state fidelity increases as the
qubits entangle, reaching a maximum value of
0.72 at t = 140 ns. As t is increased further, we

continue to see oscillations in the Bell state fi-
delity, but because of dephasing, they do not
again rise above 0.5.

Figure 2C shows these oscillations in Bell
state fidelity as a function of t for several dif-
ferent values of J as e is changed symmetrically
in the two qubits. We see that as the value of J
increases in the two qubits, the time required to
produce a maximally entangled state, tent, de-
creases, but the maximum attainable fidelity is
approximately constant. This is consistent with the
theory that J12 º ∂J1/∂ e1 · ∂J2/∂ e2 º J1 · J2.

To further understand the evolution of the
quantum state, we focused on one value of J and
compared the measured Pauli set to that expected
from single-qubit dephasing rates and J12 (eq. S1).
Figure 3A shows the Pauli set for the measured
and expected quantum states for t = 40 ns, which
shows three large bars in the 〈YI〉, 〈IY〉, and 〈YY〉
components of the Pauli set. This is a nearly
unentangled state. At t = 140 ns, we seeweight in
the 〈XZ〉, 〈ZX〉, and 〈YY〉 components of the Pauli
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3.5 Single EO Operations

Fig.  3.5.1 Three electrons with controlled coupling 1-2 and 2-3 form an exchange only  qubit [6]. The 
two control axes are indicated on the Bloch sphere. 
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T1 processes. 
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FIG. 1: (a) False color micrograph of lithographically iden-
tical device with dot locations depicted; energized gates are
denoted in yellow. Gate voltages, Vl(r), set the charge occu-
pancy of left (right) dot as well as the detuning (✏) of the
qubit, while Vm determines the size of the 111 region. A
neighboring rf-charge detector is indicated with a larger dot.
(b) A Bloch sphere representation of the qubit with control
axes Jl and Jr indicated, as well as two basis states, Sl and
Sr. (c) Energy levels as a function of detuning for the lowest
lying energy states[1]. Each state has an analogue with the
opposite spin projection, which is not depicted.
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FIG. 1: (a) False color micrograph of lithographically iden-
tical device with dot locations depicted; energized gates are
denoted in yellow. Gate voltages, Vl(r), set the charge occu-
pancy of left (right) dot as well as the detuning (✏) of the
qubit, while Vm determines the size of the 111 region. A
neighboring rf-charge detector is indicated with a larger dot.
(b) A Bloch sphere representation of the qubit with control
axes Jl and Jr indicated, as well as two basis states, Sl and
Sr. (c) Energy levels as a function of detuning for the lowest
lying energy states[1]. Each state has an analogue with the
opposite spin projection, which is not depicted.
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3.5 Single EO Operations
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|Sli
|Sri

|Sli

|Sri

FIG. 4: The binary outcome probability for four measurement bases of two initially prepared states that are pulsed towards the
201-111 charge transition. This should yield a rotation mostly around Jl. Red was initialized as ⇢1, while blue was initialized
as ⇢2. The solid curves in (b),(d),(f),and (k) are fits to the theory given in equations (25) through (28) with Jl = 554± 8 neV,
Jr = 74±8 neV and �B = 2.4 mT. The solid curves in (k),(l),and (o) are generated from the output of the fits to (b),(d),(f),and
(k). (a),(b) Schematic and measurements of P1(⇢1) in red and P1(⇢2) in blue. Solid curve is a fit to the data. (c),(d) Schematic
and measurements of P2(⇢1) in red and P2(⇢2) in blue. Solid curve is a fit to the data. (e),(f) Schematic and measurements
of P3(⇢1) in red and P3(⇢2) in blue. Solid curve is a fit to the data. (g),(h) Schematic and measurements of P4(⇢1) in red and
P4(⇢2) in blue. Solid curve is a fit to the data. (i) A two dimensional projection of the Bloch sphere in the real plane. Line
added to aid the eye, not a fit. (j) A two dimensional projection of the Bloch sphere along the symmetric basis. Line added
to aid the eye, not a fit. (k) The population of the leakage state as a function of separation time. (l) The length of the Bloch
vector as a function of separation time. The dashed curve is a fit to a Gaussian with a width of 16.4±0.9 ns. (n) The full Bloch

sphere with measurement axes. The red arrow is the graphical representation of the qubit portion of Ê1, the blue arrow is Ê2,
the green arrow is Ê3, and the black arrow is Ê4. (o) The purity and coherence of each input state as a function of separation
time. The dashed curve is a fit to a Gaussian with a width of 17.2± 0.8 ns.

in an exchange-only qubit. Phys. Rev. B, 82:075403, Aug 2010.
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that these two states will be identical is if they are both completely dephased in the qubit space. The length of the
sequence is many times larger than T

⇤
2,nuc, which when combined with the pulses yields a completely mixed state

with |Qi as well. This state will allow us to measure the Q response in each of our measurements, which are not
necessarily identical to the qubit triplet-like response. Since |Tli and |Tri have a di↵erent overlap with |""#i and |#""i
than |Qi, it is possible for them to have di↵erent relaxation rates and therefore di↵erent fidelities. Assuming that
they are identical is not justified.

Finally, we can write our other eigenstates, |Sli,|Tli,|Sri,|Tri, in the |0i-|1i-|Qi basis:
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B. Measurements and Measurement Operators

In order to determine the populations and coherence in our qubit subspace, as well the population of the leakage
state, we need to perform four measurements. Based on Stephen’s document, we express our measurement probabilities
in the following fashion:

P1(⇢) = Tr[Ê1⇢] (21)

P2(⇢) = Tr[Ê2⇢] (22)

P3(⇢) = Tr[Ê3⇢] (23)

P4(⇢) = Tr[Ê4⇢] (24)

where ⇢ denotes an unknown input state and Êi is a measurement operator that describes the fidelity of a singlet
outcome for a measurement in the i

th basis. If we have a set of five (or more) known input states, one can use those
states to determine the Ê1, Ê2, Ê3, and Ê4 by solving the set of equations. Once these are known, we can measure
unknown states.

C. A MLE Based Approach

1. Goal

We want to characterize our measurement operators by measuring known states. It is easy to prepare high fidelity
known states ⇢1 , ⇢2 and ⇢5, which are entirely real by construction. The challenge comes in preparing states that
are complex superpositions of |0i and |1i, which are needed to fully characterize the system. These superposition
states have complex o↵-diagonal density matrix elements that allow us to characterize the complex response of our
measurement operators, and in turn allow us to measure any superposition of states in our qubit subspace. Since we
do not have access to a ground state with complex terms, we need to create these states through evolutions under
control pulses and noise. The extent to which we correctly account for the dephasing and leakage that occurs during
the preparation of these states determines our ability characterize the two rotated input states, ⇢3 =

���R̂rSl

ED
R̂rSl

���

and ⇢4 =
���R̂lSr

ED
R̂lSr

���, and therefore Ê3, and Ê4.

2. Creation and Determination of ⇢3, ⇢4

Given the complicated dynamics of the problem, it is hard to predict how a single rotation will a↵ect the input
state. One way to minimize the error in estimating ⇢3 and ⇢4 is to spread ⇢3 and ⇢4 out into a set of input states
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respectively. This is equivalent to measuring along a rotated bases:
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E
-
���R̂rTl

E
and

���R̂lSr
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���R̂lTr
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1. The Symmetric Basis

We want to move to the symmetric basis used in our Bloch sphere, that of |0i,|1i, where the singlet and triplet are
formed between the outer two spins, rather than from pairs of neighboring spins.
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The order of the states is deliberate: |0i is the lower energy state in the center of 111, where Jl = Jr. We can write
the exchange hamiltonian in the basis of |0i,|1i, |Qi:
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The nuclear terms are:
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Three density matrices are easy to prepare: ⇢1, ⇢2 and ⇢5.
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⇢5 is a state that we create by pulsing to Jl and Jr repeatedly, allowing the state to dephase around both exchange
axes as well as the nuclear gradients. We confirm that we have created a dephased state by comparing measurements
of the dephased state that was initially prepared as |Sli with the state initially prepared as |Sri. The only way
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Three density matrices are easy to prepare: ⇢1, ⇢2 and ⇢5.
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⇢5 is a state that we create by pulsing to Jl and Jr repeatedly, allowing the state to dephase around both exchange
axes as well as the nuclear gradients. We confirm that we have created a dephased state by comparing measurements
of the dephased state that was initially prepared as |Sli with the state initially prepared as |Sri. The only way
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that these two states will be identical is if they are both completely dephased in the qubit space. The length of the
sequence is many times larger than T

⇤
2,nuc, which when combined with the pulses yields a completely mixed state

with |Qi as well. This state will allow us to measure the Q response in each of our measurements, which are not
necessarily identical to the qubit triplet-like response. Since |Tli and |Tri have a di↵erent overlap with |""#i and |#""i
than |Qi, it is possible for them to have di↵erent relaxation rates and therefore di↵erent fidelities. Assuming that
they are identical is not justified.

Finally, we can write our other eigenstates, |Sli,|Tli,|Sri,|Tri, in the |0i-|1i-|Qi basis:
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B. Measurements and Measurement Operators

In order to determine the populations and coherence in our qubit subspace, as well the population of the leakage
state, we need to perform four measurements. Based on Stephen’s document, we express our measurement probabilities
in the following fashion:

P1(⇢) = Tr[Ê1⇢] (21)

P2(⇢) = Tr[Ê2⇢] (22)

P3(⇢) = Tr[Ê3⇢] (23)

P4(⇢) = Tr[Ê4⇢] (24)

where ⇢ denotes an unknown input state and Êi is a measurement operator that describes the fidelity of a singlet
outcome for a measurement in the i

th basis. If we have a set of five (or more) known input states, one can use those
states to determine the Ê1, Ê2, Ê3, and Ê4 by solving the set of equations. Once these are known, we can measure
unknown states.

C. A MLE Based Approach

1. Goal

We want to characterize our measurement operators by measuring known states. It is easy to prepare high fidelity
known states ⇢1 , ⇢2 and ⇢5, which are entirely real by construction. The challenge comes in preparing states that
are complex superpositions of |0i and |1i, which are needed to fully characterize the system. These superposition
states have complex o↵-diagonal density matrix elements that allow us to characterize the complex response of our
measurement operators, and in turn allow us to measure any superposition of states in our qubit subspace. Since we
do not have access to a ground state with complex terms, we need to create these states through evolutions under
control pulses and noise. The extent to which we correctly account for the dephasing and leakage that occurs during
the preparation of these states determines our ability characterize the two rotated input states, ⇢3 =

���R̂rSl

ED
R̂rSl

���

and ⇢4 =
���R̂lSr

ED
R̂lSr

���, and therefore Ê3, and Ê4.

2. Creation and Determination of ⇢3, ⇢4

Given the complicated dynamics of the problem, it is hard to predict how a single rotation will a↵ect the input
state. One way to minimize the error in estimating ⇢3 and ⇢4 is to spread ⇢3 and ⇢4 out into a set of input states
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B. Measurements and Measurement Operators

In order to determine the populations and coherence in our qubit subspace, as well the population of the leakage
state, we need to perform four measurements. Based on Stephen’s document, we express our measurement probabilities
in the following fashion:

P1(⇢) = Tr[Ê1⇢] (21)

P2(⇢) = Tr[Ê2⇢] (22)

P3(⇢) = Tr[Ê3⇢] (23)

P4(⇢) = Tr[Ê4⇢] (24)

where ⇢ denotes an unknown input state and Êi is a measurement operator that describes the fidelity of a singlet
outcome for a measurement in the i
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states to determine the Ê1, Ê2, Ê3, and Ê4 by solving the set of equations. Once these are known, we can measure
unknown states.
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We want to characterize our measurement operators by measuring known states. It is easy to prepare high fidelity
known states ⇢1 , ⇢2 and ⇢5, which are entirely real by construction. The challenge comes in preparing states that
are complex superpositions of |0i and |1i, which are needed to fully characterize the system. These superposition
states have complex o↵-diagonal density matrix elements that allow us to characterize the complex response of our
measurement operators, and in turn allow us to measure any superposition of states in our qubit subspace. Since we
do not have access to a ground state with complex terms, we need to create these states through evolutions under
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1. The Symmetric Basis

We want to move to the symmetric basis used in our Bloch sphere, that of |0i,|1i, where the singlet and triplet are
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Three density matrices are easy to prepare: ⇢1, ⇢2 and ⇢5.
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⇢5 is a state that we create by pulsing to Jl and Jr repeatedly, allowing the state to dephase around both exchange
axes as well as the nuclear gradients. We confirm that we have created a dephased state by comparing measurements
of the dephased state that was initially prepared as |Sli with the state initially prepared as |Sri. The only way
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2. Specific Measurements

Each of our measurements have a certain amount of unintended but measurable rotation to them. While sitting
at the settle point, which electrically decouples our measurements from our state preparations/processes, we have
small coherent rotations due to J

l

and J

r

. This means that we are never measuring states that are perfectly S

l

and T

l

or S

r

and T

r

. The states we are actually measuring are some general superposition that we could write
as | 

iS
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i and  
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i, which are the eigenvectors of Ê

i

. The fidelity of the
measurement of the | 

iS

i state is the larger eigenvalue in the qubit space of Ê

i

, while the fidelity of the  
iT

state is
the smaller one.

3. Fidelity Calculations

Since our Ê

i

operators are block diagonal, the eigenvectors are purely in the qubit space, or purely in the leakage
state. Therefore, we can quote the fidelity of the singlet as the larger, and the fidelity of the triplet as the smaller
eigenvalue in the qubit space for each of the operators Ê1, Ê2, Ê3, and Ê4. The average fidelity is then the average of
these eight numbers. The visibility of each measurement “axis” (ie, 1, 2, 3 or 4) is just F

S

+ F

T

� 1, and the average
is the average of all four visibilities.

Fidelities for the Ê

i

:
Ê1: F

S

= 0.83, F

T

= 0.88, V = 0.71
Ê2: F

S

= 0.73, F

T

= 0.84, V = 0.57
Ê3: F

S

= 0.62, F

T

= 0.72, V = 0.34
Ê4: F

S

= 0.58, F

T

= 0.76, V = 0.34
The average fidelity of the triplet outcomes was 0.80.
The average fidelity of the singlet outcomes was 0.69.
The average fidelity of all measurements was 0.75.
The average visibility was 0.49.

[1] C. Barthel, DJ Reilly, C.M. Marcus, MP Hanson, and AC Gossard. Rapid single-shot measurement of a singlet-triplet
qubit. Physical review letters, 103(16):160503, 2009.
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FIG. 4: The binary outcome probability for four measurement bases of two initially prepared states that are pulsed towards the
201-111 charge transition. This should yield a rotation mostly around Jl. Red was initialized as ⇢1, while blue was initialized
as ⇢2. The solid curves in (b),(d),(f),and (k) are fits to the theory given in equations (25) through (28) with Jl = 554± 8 neV,
Jr = 74±8 neV and �B = 2.4 mT. The solid curves in (k),(l),and (o) are generated from the output of the fits to (b),(d),(f),and
(k). (a),(b) Schematic and measurements of P1(⇢1) in red and P1(⇢2) in blue. Solid curve is a fit to the data. (c),(d) Schematic
and measurements of P2(⇢1) in red and P2(⇢2) in blue. Solid curve is a fit to the data. (e),(f) Schematic and measurements
of P3(⇢1) in red and P3(⇢2) in blue. Solid curve is a fit to the data. (g),(h) Schematic and measurements of P4(⇢1) in red and
P4(⇢2) in blue. Solid curve is a fit to the data. (i) A two dimensional projection of the Bloch sphere in the real plane. Line
added to aid the eye, not a fit. (j) A two dimensional projection of the Bloch sphere along the symmetric basis. Line added
to aid the eye, not a fit. (k) The population of the leakage state as a function of separation time. (l) The length of the Bloch
vector as a function of separation time. The dashed curve is a fit to a Gaussian with a width of 16.4±0.9 ns. (n) The full Bloch

sphere with measurement axes. The red arrow is the graphical representation of the qubit portion of Ê1, the blue arrow is Ê2,
the green arrow is Ê3, and the black arrow is Ê4. (o) The purity and coherence of each input state as a function of separation
time. The dashed curve is a fit to a Gaussian with a width of 17.2± 0.8 ns.

in an exchange-only qubit. Phys. Rev. B, 82:075403, Aug 2010.

Fig. 3.5.3 Pulse sequences for the EO qubit state tomography.
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